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Abstract
The ring B(R) of all ω×ω row-and-column-finite matrices over any (unital) von Neumann regular
ring R is shown to be an exchange ring. More generally, the same is true of the multiplier ring of a
non-unital regular ring with a countable unit.
 2003 Elsevier Inc. All rights reserved.
1. Introduction
A favourite question of Pere Ara, Enrique Pardo, and Francesc Perera (in connection
with their work on multiplier rings) has been the following: for a field F , is the ring
B(F) of all ω × ω row-and-column-finite matrices over F an exchange ring? We show
that the answer is “yes”; in fact F can be replaced by any (unital) von Neumann regular
ring R. It is well known that B(R) itself is never regular (equivalently, one-sided principal
ideals cannot always be generated by a single idempotent), but nevertheless its principal
one-sided ideals are generated by two idempotents and its monoid of finitely generated
projective modules has the Riesz decomposition property [AP, Theorems 2.4 and 2.5].
Hence the above question is quite pertinent.
Historically, the ring B(F) sprang into prominence in 1993 when Goodearl, Menal,
and Moncasi in [GMM, Proposition 2.1] demonstrated the surprising result that every
countable-dimensional F -algebra can be embedded in B(F). Earlier, Tyukavkin [Ty] had
uncovered a beautiful algebra epimorphism t :A→ B(F) from a certain subalgebra A of∏∞
n=1 Mn(F) (see [GMM, pp. 413–414] for details). Subsequently, Goodearl et al. used
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on countably many generators over a countable field F can be embedded in
∏∞
n=1Mn(F).
A host of very interesting consequences followed. For a recent use of B(R) in the study of
countably generated projective modules over a regular ring R, see [APP]. See also [HRS].
Pere Ara has kindly pointed out that the same proof used in our B(R) theorem shows
more generally that the multiplier ring M(R) of any non-unital regular ring R with a
countable unit is an exchange ring. (These terms are defined later.) However, rather than
establish the M(R) result as the principal theorem with B(R) as a corollary, we have
chosen the reverse. This involves fewer technicalities but it also makes a key representation
idea clearer, thereby opening up other possible extensions.
We recall that Warfield [Wa] in 1972 termed a ringR an exchange ring if RR satisfies the
finite exchange property. In fact this is equivalent to saying that for any finitely generated
projective module MR and internal R-module decompositions A =M ′ ⊕ N =⊕ni=1 Ai
with M ′ ∼=M , there exist submodules A′i of Ai such that A=M ′ ⊕ (
⊕n
i=1A′i ). Recently,
exchange rings have provided a common setting for a number of results in both regular
rings and various C∗-algebras, principally due to the fact that direct sums of finitely
generated projective modules over an exchange ring have the common refinement property.
See [Ara,AGOP,AGOR,Pe] for some details.
Unless stated otherwise, our rings are unital. For background on regular rings,
consult [VNRR].
2. The main result
Theorem 1. B(R) is an exchange ring for all regular rings R.
Proof. Fix a free R-module V =⊕∞i=1 fiR on countably many generators, and for each
k ∈ N let Vk =⊕∞i=k fiR. A moments reflection, using the standard correspondence
between R-endomorphisms of VR and ω × ω column-finite matrices over R relative to
the basis {fi}∞1 , confirms that
B(R)∼= {x ∈ EndR(V ): for each k ∈N, ∃m ∈N with x(Vm)⊆ Vk
}
.
Henceforth we identify B(R) with this ring of transformations. However, the reader will
observe that it is only the projectivity of VR , not its freeness, that is used from here on.
Let B = B(R). To show B is an exchange ring it is enough, thanks to the result of
Goodearl [GW, p. 167] and Nicholson [Ni, Theorem 2.1], to show that for each a ∈ B
there is an idempotent e ∈ B with e ∈ aB and 1− e ∈ (1− a)B . So fix a ∈B and also the
following notation for some associated submodules of VR :
Uk = a(Vk), Wk = (1− a)(Vk), Sk =Uk +Wk for k = 1,2,3, . . . .
Notice the chain V = S1 ⊇ S2 ⊇ S3 ⊇ · · · . We now require three lemmas.
Lemma 1. For each k ∈ N, there exists m ∈ N with Vk ⊇ Sm (and hence ⋂∞k=1 Sk = 0,
which can easily fail for arbitrary a ∈ EndR(V ) !).
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Sm = aVm + (1− a)Vm ⊆ Vk . ✷
Lemma 2. Suppose X is a submodule of VR containing some Sk and with X/Sk finitely
generated. Then for any finitely generated submodule A of V , A ∩ X is also finitely
generated (and projective).
Proof. X = G + Sk for some finitely generated submodule G. Choose m  k such that
A,G ⊆ f1R + · · · + fm−1R. Let Z = X ∩ (f1R + · · · + fm−1R). Then X = Z ⊕ Vm,
since X ⊇ Sk ⊇ Vk ⊇ Vm, and so Z ∼= X/Vm. By Lemma 1, there exists   m with
Vm ⊇ S, which implies X/Vm is finitely generated (generated by the images of G,
a(fk), . . . , a(f), (1 − a)(fk), . . . , (1 − a)(f)). Hence Z is finitely generated. Now
A ∩X = A ∩ Z is the intersection of two finitely generated submodules of the projective
module V , hence A∩X is finitely generated because R is regular [VNRR, 2.2]. ✷
Lemma 3. Let x, y ∈ B . Then xB ⊆ yB⇐⇒ xV ⊆ yV and for each k ∈ N there exists
m ∈N with xVm ⊆ yVk.
Proof. (⇒) Suppose x = yz for some z ∈ B . Given k, there exists m with zVm ⊆ Vk . Now
xVm = yzVm ⊆ yVk .
(⇐) Assume the condition. Then we can arrange positive integers 1 = m1 < m2 <
m3 < · · · such that xVmk ⊆ yVk . Given i ∈ N with mk  i < mk+1, choose zi ∈ Vk with
x(fi) = y(zi). Let z ∈ EndR(V ) with z(fi)= zi for all i ∈ N. (If we wish to use just the
projectivity of VR at this point, then replace zi by zi(1−gi) where gi ∈R is an idempotent
such that giR is the annihilator of fi in R.) Then z ∈ B because zVmk ⊆ Vk for all k. Clearly
x = yz. ✷
Proof of Theorem 1. We next construct a sequence 1 = k1 < k2 < k3 < · · · of positive
integers and finitely generated submodules Ci,Di of VR for i = 1,2,3, . . . such that:
(1) Ski = Ci ⊕Di ⊕ Sk(i+1) ,
(2) Ci ⊆Uki , Di ⊆Wki ,
(3) V =⊕∞i=1(Ci ⊕Di).
The directness of the sum in (3) follows automatically from (1). But (1) alone cannot ensure
the sum is V . To achieve the latter, we shall construct the Ci and Di inductively so that
fn ∈ C1 ⊕ · · · ⊕Cn⊕D1 ⊕ · · · ⊕Dn.
We can start induction at n = 0 by taking f0 = 0, k0 = k1 = 1, S0 = V, C0 = D0 = 0.
Now suppose n  0 and we already have 1 = k0 = k1 < · · · < kn+1 with f0, . . . , fn ∈
C0 ⊕ · · · ⊕ Cn ⊕D0 ⊕ · · · ⊕Dn and such that (1) and (2) hold for i = 0, . . . , n. We take
care next of fn+1.
Let r = kn+1 and project
π :V = C0 ⊕ · · · ⊕Cn ⊕D0 ⊕ · · · ⊕Dn ⊕ Sr −→ Sr .
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w′R for some w′ ∈ wR by [VNRR, 1.11 and 2.2]. Note uR +wR = uR ⊕w′R. Choose
m > r so that (uR ⊕ w′R) ∩ Sm = 0. For example, choose k > r with uR + w′R ⊆
f1R + · · · + fk−1R and then, courtesy of Lemma 1, choose m  k with Vk ⊇ Sm. Let
X = uR ⊕ w′R ⊕ Sm ⊆ Sr . Since X ⊇ Um, we have Ur + X = A + X for the finitely
generated submodule A = a(fr)R + · · · + a(fm−1)R. Clearly X/Sm ∼= uR ⊕ w′R is
finitely generated. By Lemma 2, A ∩ X is finitely generated, whence from regularity of
R, A= (A∩X)⊕A′ for some finitely generated submodule A′ ⊆A. We have
Ur +X =A+X =A′ ⊕X with A′ ⊆Ur
and Sr =Ur +Wr =Ur +X+Wr = (A′ ⊕X)+Wr . By the same argument, there exists
a finitely generated submodule B ′ of (1− a)(fr )R+ · · · + (1− a)(fm−1)R for which
(A′ ⊕X)+Wr = (A′ ⊕X)⊕B ′.
This yields
Sr = (A′ ⊕X)+Wr =A′ ⊕X⊕B ′ =A′ ⊕ uR⊕w′R⊕ Sm ⊕B ′
= (A′ ⊕ uR)⊕ (B ′ ⊕w′R)⊕ Sm.
Set kn+2 =m, Cn+1 =A′ ⊕ uR, and Dn+1 = B ′ ⊕w′R. Then
Sk(n+1) = Cn+1 ⊕Dn+1 ⊕ Sk(n+2)
with finitely generated Cn+1 ⊆ Uk(n+1) and finitely generated Dn+1 ⊆Wk(n+1) . Moreover,
π(fn+1) = u+w ∈ uR +wR = uR ⊕ w′R ⊆ Cn+1 ⊕Dn+1 implies π(fn+1) ∈ Cn+1 ⊕
Dn+1. Therefore fn+1 ∈ C1 ⊕ · · ·⊕Cn+1 ⊕D1 ⊕ · · · ⊕Dn+1 and so the induction works.
We are now positioned to construct the desired idempotent e ∈ B with eB ⊆ aB and
(1− e)B ⊆ (1− a)B . Let C =⊕∞i=1 Ci , D =
⊕∞
i=1 Di and let e :V = C⊕D→C be the
projection.
Claim. For each k ∈ N, there exists m ∈ N with eVm ⊆ aVk and (1− e)Vm ⊆ (1− a)Vk .
That is, for all i m, fi = ci + di with ci ∈C ∩ aVk and di ∈D ∩ (1− a)Vk .
Observe that Vi ⊆ aVi + (1 − a)Vi = Si implies Vi ⊆ Si . Also, from (1) and (3) we
have V = C1 ⊕ · · · ⊕ Ci−1 ⊕D1 ⊕ · · · ⊕Di−1 ⊕ Ski and V =
⊕∞
j=1 (Cj ⊕Dj ), and so
we get Ski =
⊕∞
j=i (Cj ⊕ Dj ). Given k ∈ N, choose  ∈ N such that k  k. Then, by
(2), for all j   we have Cj ⊆Ukj ⊆Uk ⊆Uk = aVk which implies Cj ⊆ aVk . Likewise
Dj ⊆ (1 − a)Vk for all j  . Now let m = k. For each i ∈ N, write fi = ci + di with
ci ∈ C and di ∈D. For i m, note fi ∈ Vi ⊆ Vm ⊆ Sk and so ci ∈ C ⊕ C+1 ⊕ · · · and
di ∈D⊕D+1 ⊕ · · ·. Therefore, for all i m, ci ∈ aVk and di ∈ (1− a)Vk. The claim is
established.
The claim implies two things. Firstly, e ∈ B because given k, there exists  with
aV ⊆ Vk (since a ∈ B), and there exists m with eVm ⊆ aV, so there exists m with
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eV ⊆ aV and (1− e)V ⊆ (1− a)V as well).
This completes the proof that B(R) is an exchange ring. ✷
Remarks. (1) In a private communication, Pere Ara has shown that for a general ring R, if
B(R) is an exchange ring then so is R and the Jacobson radical of R must be right and left
T -nilpotent. Consequently, even when R is an exchange ring, B(R) need not be.
(2) A related question in [NV, p. 64] appears to be still open, namely, for a field F ,
is each element of B(F) the sum of a unit and an idempotent? (This is stronger than the
exchange property.)
3. Multiplier rings
The multiplier ringM(R) of a non-unital ring R is defined as the ring of its double
centralisers (see, e.g., [AP]). If R is semiprime, thenM(R) is characterised as the largest
unital overring containing R as an essential two-sided ideal. The ring R is said to have a
countable unit (pn) if the pn form an increasing sequence of idempotents (pnpm = pm for
n  m) and R =⋃∞n=1 pnRpn. (The classic non-unital example is the ring R =M∞(S)
of ω × ω matrices over a unital ring S with finitely many nonzero entries, and pn is the
diagonal matrix (1,1, . . . ,1,0,0, . . .) of n ones followed by zeroes. Here,M(R)∼= B(S)
if S is semiprime [AP, Proposition 1.1] and so the rings covered in Theorem 1 are
multiplier rings of certain non-unital regular rings with a countable unit.) Let f1 = p1 and
fi = pi−pi−1 for i > 1. Note the fi are orthogonal idempotents ofR with R =⊕∞i=1 fiR.
Now let V =RR and Vk =⊕∞i=k fiR for k = 1,2,3, . . . .
Claim. If R is semiprime with a countable unit (pn), thenM(R) is isomorphic to the ring
B ={x ∈ EndR(V ): for each k ∈N, ∃m ∈N with x(Vm)⊆ Vk
}
.
This is easily verified by checking that B is the largest unital overring of R containing
R as an essential ideal. (Notice that if a ring S contains R as an essential ideal, then S
embeds in B via left multiplications of R.)
The same proof used in Theorem1 now yields:
Theorem 2. For any non-unital regular ring R with a countable unit, its multiplier ring
M(R) is an exchange ring.
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